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Abstract

In this paper, we successfully have counted the elements of Bellissima’s construction of two
generators of level two manually by using combinations and found that they are 265428
elements; essentially we have built a python code to count the numbers of the elements of
Bellissima’s construction.
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1. Introduction:

The relationship that exists between Heyting algebras and intuitionistic logic can be compared
to the association that is found between Boolean algebras and classical logic... Both types of
algebras can be characterized as distributive lattices, and each constitutes a distinct variety. A
notable distinction lies in the fact that the free Heyting algebras generated are infinite in nature,
whereas Boolean algebras are characterized by finiteness. Nonetheless, Heyting algebras
embody a concept analogous to that of Boolean algebras; this was elucidated by Mckinsey and

Tarski in their seminal publication on Heyting algebras in the 1940s.

Nevertheless, among the free Heyting algebras examined thus far, the sole case of a
single generator has been thoroughly elucidated through the application of the Rieger-
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Nishimura ladder; however, for algebras with two or more generators, the underlying structure
remains enigmatic, despite the existence of various known properties. Bellissima effectively
represented the finitely generated free Heyting algebras utilizing Kripke models for this
purpose. Fundamentally, Grigolia and Esakia proposed an analogous construction.

To the best of our knowledge that the number of the elements up to level one of these

construction is unknown.

Therefore, our interest was to count the elements in the levels of Bellissima’s construction.

2. Some of the basic definitions

Definition 2.1 (Sankappanavar & Burris, 1981)
Heyting algebras represent the algebraic models for intuitionistic logic. They are defined
as an Algebra A = (4,v,A,— ,0,1) that is a bounded distributive lattice with least elements
0 and greatest element 1, and for all w € A,w — v is the greatest element of z of A such
that w A z < v, where this is called a pseudo-complement of x with respect to y, the
operation — is called Heyting implication and < is defined by x < y ifand only if w A
v = w.

In addition, Heyting algebra can be defined geometrically as an Algebra A = (4,v,A,— ,0,1)

with two nullary and three binary operations if it satisfies the following:

A1:(AV,A) is a distributive lattice

A2:xAN0=0;wv1l=1

A3:x - x=1

Adb:x A(w->v)=wAv; Wov)Av="D

AS5:x > (WAz)=(w->2)A(w > D)
(vvz)»z=W-2)A(v-2)

Examples
1. Each Boolean algebra can be defined as a Heyting algebra supplemented withp — ¢q

given by =p v q.
2. A topological space (X, t) , where O(X) is the family of all open sets in X provides a
complete Heyting algebra for w,v € 7 we define
wNv=wAv,wUvrv=wVrv,xCvewcy,X=10=0and
wov=w-—-0°=WwW‘Ur)°

(Where c is the complement, —  topological closure and o the interior.)
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Such algebras are called topological Heyting algebras and are considered one of the most
important examples of them.

3.  The propositional formulae in k propositional variables in the intuitionistic
propositional calculus up to equivalence, together they form a Heyting algebra
named IPLk.This algebra is freely generated by the (equivalence classes of the)
propositional variables, therefor it is isomorphic to the free Heyting algebra Fk over k
generators.

4, If (X,<) is a partial ordering, then the decreasing sets of the partial ordering which
are the closed sets of O T( X, <) form a topology and hence a Heyting algebra O
L(X,x), and the sets increasing form a topology as well and hence a Heyting
algebraO T (X, <), Therefor such an algebra is bi-Heyting, and the two lows of
infinite distributive can be proved.

Definition 2.2
Kripke models: they are considered to be an important model of intuitionistic logic and
are defined asa K = (K, <, a), where K is a non-empty set, < is a partial ordering of K
and a is a mapping from the collection that encompasses all propositional variables
relevant to intuitionistic propositional logic to a specific element within the power set of
K, whereby for every propositional variable p and w, ve K we have
If w € a(p) and w < v, then v € a(p), calling this property by the monotonicity property.
The mapping a from the set of all propositional formulas can be extend to a valuation p to
the power set of in the subsequent manner:
For any propositional variable
1) (p) = (p), where p is any propositional variable.
2) p(L)=9
3) p(dAYP) = p(d) N p(¥h)
4) p(® VvV Y) = p(d) Up@))
5) p(d = ¥) = {z € K|{w} 1 p(d) € p(W)}.
By considering a set of formulas such thatT' = {¢, ..., ¢, }, then the valuation T is equivalent
to the valuation of the conjunction among all formulas within the set T, i.e.

6) p(D) =p(d1A...Ady) = p(P1) N...n p(dn)
7) If I' is empty set of formulas then p(I") = K.
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Definition 2.3 ( Fitting & Mendelsohn ,2012).

Let X be an intuitionistic Kripke model. The relation (denoted K,w E &) is the relation
between elements of K and propositional formulas and we say that w forces or satisfies ¢
when it is defined as follows:

w € p(¢p) ifand only if K,w & ¢, for any w € K and any formula ¢.

Now the explanation of how intuitionistic Kripke models represents intuitionism.

The different stages of information are represented by the elements of the set K such that
any w in K is a known fact at a particular time. The partial order < signifies the progressive
phases that are attained through the acquisition of additional information. In other words, if we
consider two stages of information, denoted as w and v such that w < v, this implies that the
information contained in w is also encompassed in v, along with potentially additional
information. If we have a particular fact, the forcing relation & delineates the formulas that can
be inferred to be true.

Definition 2.4 (Elageili & Truss , 2012)
K be a Kripke model, then
1) If apoint w in K has a forcing relation with a formula ¢ (w &= ¢) then it is said that a
formula ¢ is valid at a point w also we mention that ¢ is valid in K, written as K &
¢, ifwE ¢forallainK.

2) Aset of formulas I' is deemed to be valid ata pointw in K ifw = ¢ foralld € TI.
Additionally, if K is a theory we mention that I" is valid in K, denoted as K & I, if I is valid
at each point of K.

3) A formula ¢ is deemed to be a Kripke consequence of a set of formulas I', denoted as

I' & ¢, if ¢ isvalid in K whenever I' is valid in K.
4) Moreover, A formula ¢ is called a Kripke valid if @ = ¢ or in essence we denote it

askE o¢.

3. Applications of Kripke models in the realm of intuitionistic propositional logic
i) Counter models
In intuitionistic propositional logic it has been seen that a formula ¢ is provable if
and only it is valid in each Kripky model, wherefore a formula ¢ in intuitionistic
propositional logic is unprovable if found a finite Kripke model A'such that ¢ is

invalid in it, this means , p(¢) #K. These models are called counter models.
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ii) Generic Kripke models

The generic or universal model refers to Kripke models that are designed to exemplify the
Heyting algebra, which integrates intuitionistic propositional expressions across n variables.
Subsequently, we will demonstrate that this Heyting algebra exhibits an isomorphic
relationship with the unrestricted Heyting algebra. F,(R) of n generators, which possess the
characteristic of universal mapping applicable to the category of Heyting algebras. The generic
Kripke model are defined by following the same process in ( Darniere & Junker, 2010), (
Bellissima, 1986), (Elageili & Truss,2012). The generic Kripke model R,=(K,,,<n, pn), IS
construct throughout a chain of Kripke models R¢=(K%, <2, p%) ordered by incorporation In
such a manner that each successive model is derived from its predecessor through the
incorporation of an additional layer beneath. It is imperative that each of these models be
diminished with the understanding that there exist no two discrete points w,v with a matching
valuation so that v functions as the only cover for w, or, in such a manner that every element
that strictly dominates w also strictly dominates v. For both cases w and , the same formulas
are satisfied, so the theory of the model is not effected if we can ignore one of them.

Through engagement with intuitionistic propositional logic, Bellissima employed a
Kripke model K = (K, <, «) from the components of K to the power set of all formulas and
established the valuation p on it.

Therefore, we can define the forcing relation E by w £ ¢ < ¢ € p (w), for every w € K and
for any formula ¢.
Definition 4.1 (Shabana & Elageili, 2018)
A set X is called upward-closed if for any x€ , we have
{x}T={yeXiy>x}cX
Now, we will clarify a method for creat R,,.
Let the set B, = {p;:i < n},0 < n < w be in intuitionistic propositional variables, and then
we denote the set of the valuation as
val, = {B: B S B,} = 2"
The model R¢ is defined by induction on d (where d is the level and n is the number of
generators) as explained in the next steps:

1) Construct the set of cases K2. First, by denote K,;* = @. Hence the elements wpgy Of

the level K¢ \ K21 satisfy the next conditions:
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I. Y isanupward-closed set within the preceding model and is required to intersect
with the terminal level of it. Consequently, for d=0, we obtain Y=0.

ii. B €wval,such that B € N,erpd t(w). Thus, if d=0, then the number of
elements in K2 is equal to the number of elements in the power set of the
propositional variables val,,.

iii. If Y is an upward-closed for some elementw € K2~! , then we must
have pf (wgy) S pii~t(w). Hence, if p;~%(w) =@, then there is no element wy
such that p? (wgy) € @. This means that in the new level we cannot add any
new element wg , under w.

2) Each element wy  can be evaluated by
pr(Wey) =B
3) The partial ordering <2~ is extended to <¢ as follows:
<&=<EU {(wpy, W) |wgy € K\ K and w = wgyor w € Y}
Finally, our generic model R,, is defined by

K, = UKgr<n= U <glrpn= Upg

d<w d<w d<w

Remark 4.1
There are two conditions must be consider while constructing the elements of each level,
(i) B S Nyey pi~ (W)
(i) If ={w}1 for some w € K41, we must have
PR (wgy) G PR~ (w)
The extension of p to the new model is valid and ensured by the first condition.
In addition, if we assume that pg (wﬁ,y) = p4=1(w) in the condition (ii), then the valuation
of wgy and are same valuation and w is the unique cover of wg y, This suggests that our

model will not experience any reduction in efficacy
S. Bellissima’s construction for one generator
To construct R, which is shown in Figure (1).
We define P, = {p} sowval, = {Q), {p}}.
Now by induction on d, systematically we can show how to construct each model R ¢.
Starting by d=0, then Y=0 is the only upward-closed set in R;%, so

KP=K? \ Ki' = {wppy 0, W} = {Wo, w1},
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as well,
<1= {(Wo, wo), (W1, w,)}
prwo) = {p}, pr (wy) = @
Thenford = 1,inRY ,
{wo} T, {w} 1, K10

are the upward-closed subsets.
Since p? (w;) = @, then there are no new added elements under w,. So the only desired
upward-closed subsets of Rare {w,} 1, K7.

K\ K{) :{WQ,{WO}T’WQ),K{’ } = {wy, ws}

K& = K{ U {wy, w3} = {wo, wy, wp, w3}

<1=<PU {(wz, w3), (W3, w3), (W2, W), (W3, W), (W3, wy)}

pi(wz) = pi(ws) = 0.

For d=2,
{w2i1, {ws} 1, {wi} TU {w,} 1K,
are the upward-closed subsets in R which intersection with the last level of the model.
There cannot be any elements added under {w,} 1, {w3} 1 due to the fact their valuation is @.
Thus in R , the upward-closed subsets are required that
{wiitu {w,} 1, K7
Furthermore,
KZ\K{ = {Wowiyruwayr, We k1l = {Wa, ws}
K? = Ki U {w,, ws} = {wo, wy, Wy, w3, Wy, ws}
<T=<1=U {(Wa, wy), (Ws, ws), (s, Wg), (Ws, Wo), (Wa, W1),
(Ws, wy), (Ws, w3)}
pi(ws) = pi(ws) = 0.

Continuing like this we obtain

ko= et = <t = | o

d<w d<w d<w
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Figure (1) The generic Kripke model R,

Definition 5.1
If each appearing letter in a formula ¢ belongs to B, then ¢ is called an n-formula.
Theorem 5.1 (Bellissima, 1986)
For all n < w, and each n — formula ¢ , we have that R,, = ¢ if and only if ¢ is an

intuitionistic tautologies.
Definition 5.2

The Heyting algebra associated with intuitionistic propositional formulas in n variables and
forn<wis
A, = (A, V,A,—,0,1) as follows :

A, = {A: Ais an upwards closed set of R,}

AVB=AUBRB
AANB=ANB
A - B={K,:{x} Tn A € B}
0=0,1=K,.

Now will show the Heyting algebra of intuitionistic propositional formulas in one generator

p-
The upward-closed subsets in R, are:

{wo} 1= wo, {w1} T=wy, {wy} T= {wo, wy},
{ws} T= {wo, wy, w3}, {wo} TU {w1} T= {wo, w4},
{w1} TU {w,} T= {wo, wy, w,},

{wz} TU {ws} T= {wo, w1, wy, w3},

{wy} T= {wo, wy, wy, wy}
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w3 TU {ws} 1 {w,3 1
{w3} 1 {wi} Tu{w,} 1
{wo} TU {wy} 1 w31
{wi} 1 \ /' {wo} 1T
U.

Figure (2) The Riger-Nishumera Ladder
Theorem 5.2 (Shabana & Elageili, 2018)
Let A, be the Heyting algebra which is isomorphic to the free Heyting algebra F,(n) on n
generators.
Thus, for one generator p the free Heyting algebra F, (1), where
Fa(1) ={p,=p,L,pV-p,-p-p,..}
The operations V,A and — are the logical connectives. The contradiction statement and the
tautology statement are the smallest and the largest elements in F, (1) respectively.
If we denote a map f: F4(1) = R, by
f@) ={w e Ky:w =y}
Then, we get
f=09
f(p) = {wo} = {wo} T
fEp) =f - =f)=fL) ={w} =0 ={w}1
floV=p) =fP)Vf(=p) = {wo} TU {w,} T
fGap = p) =f(=p) = f(p) = {wi} 1= {wo} T= {w,} 1
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i
pV~p / -p-p fwo} TU fwy} T ¢ oW} 1

v ® ' D {w,} 1 ‘\/'{WD}T

1 0

Figure (3) The isomorphism between F,(1) and A,

6. Bellissima’s construction for two generators
Let P, = {p, q} be the set of intuitionistic propositional variables.
Soval, = {®,{p} {4}, {p, 43}
We systematically elucidate the methodology for the construction of each model RS by
induction
Ford =0,Y = @ is the only upward-closed set in R; 1, so
K3 = K\K3 ' = {Wp,0Wip) 0 Wig10 Wip,a1.0)
= {wo, wy, Wy, w3}

Also

<9= {(wg, wp), Wy, wy), (Wp, wy), (W3, w3)}

p2(wo)=0 , p3 (w1)={p} p2(w)={a}. p2 (ws)={p.q}
For d=1 the upward-closed subset in RY are
{wo i 1, {w1}1,{iwa} 1, {ws} 1, iwg, w1, { wo, wo 1 1,{ wo, w3} 1,{wp, w2} 1,
{wy, w3, { wa, w1, {wg, wy, W 1,{wg, wi , w3} 1,{wp, wa, w3} 1,
{wi, wa, wslt, K7 .

Since p?(w,)=0, under w, we cannot add any new element, so the required upward-

closed subsets of RY are {wy}1, {wi} 1, {wy )1, {wslt, {wo, wy I, {wg, Wy 1, {wg, w31,
{w1, w1, {iwg, watl, {wz, wat, {wo, wi, wa i1, {wg, wy, a1, {wg, wa, w3},

{wy, wa, w31, K7
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K3\K={Wo (w1 W0 wa11 Wa fws}1 W, {wo, wi}t W, {wo, wo}1 W, {wo,ws}T » WG, {wy, wolt
! W@:{ wy, w3}l ’W@:{ wa, w3}t ,W@’{ wo ,Ww1,wp}1 ’WQ)'{ wo ,w1,w3}! Wo Awo wa,w3}T Wo Awi,wy w3}t
W k9 s Wiphiws}t + Wiphiws, wa)t » Wiah )t » Wiahtw wa)td

={wy, Ws, Wg, Wy, Wg, Wo, Wyg, Wiy, W13, W13, Wig, Wis, Wig, W17, Wig, W19, Woo, W21}
K21:K20U{W41 W5, Wg, W7, Wg,Wg,W10,W11,W12,W13,W14,W15,W16,W17,W1g,W19,W20,W21}

<3 = <2U {(wa, wa), (ws, ws), (we, wg), (w7, wy,), (wg, wg), (Wg, W),

(W10, W1g), (W11, W11), (W12, W12), (W13, Wi3), (W14, Wia), (W1s, Wis), (W16, Wig),

(W17, Wi7), (W1g, Wig), (W19, W1g), (Wo0, Wag), (W21, Waq), (Wa, wy), (Ws, wy),

(we, w3), (W7, { wo, w1}), (Wg,{ wo, w2}), (Wo.{ wo, w3}), W1o.{ w1, w2}), (Wi1,{ wy, w3}),
(Wi { wz, w3}), Wiz { wo, wi, w2}), W1a{ Wo, wi, w3}), (Wis,{ wo, wa, ws}),

(Wi { w1, wa, wa}), (W17, { wo, w1, W, w3}), (Wig, W3),(Wig,{ W1, W3}), (W20, W3}), (W21
{wa, wsh}.

pi(ws) =B, p2(ws) = B, p3(we) = @, p3(w7,) = B, p3(Wg) = @, pz(wo) = @

pz(Wi0) = @, p;(W11) = B, p3(W12) = @, p;(W13) = B, p3(W1s) = @, p;(Wys) = @
pz(Wi6) = 0, pz3(w17) = B, pz(Wig) = (P}, p3(W10) = (P}, p2(W20) = {q}, p2(W21) = {q}.
Continuing like this obtain

K; = Uszf<2= U <¢.p, = Upg

d<w d<w d<w

The figure below shows that we have five single-parent children,
{w,, ws, wg, wig, Wy} in level one, the first three are labelled by @ and the other two are
labelled by p and q respectively. We have two-parent children
{wy,Wg,Wg,W;0,W11,W12, W19, Wao } Which are wy; and wy o, that are totally covered by the set
{w;, w3}, and the elements w;, and w, are totally covered by the set {w,, ws}.It shows that
we have three-parent children {w;3, wy4, w;s, Wy} that are all labelled by @ and finally one

element of a four-parent child w;, the total number of elements in this level is eighteen

wg wy wo ws

wy Ws Wg W; Wg Wsg W;go Wj3 Wis Wiz Wig Wis Wig Wiy Wig Wig Wiag wo,y
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Figure (4) The generic Kripke model R,

As for level two: K7 contains 218 elements and by excluding fifteen points from them,
fourteen by following the conditions of the structure for the what are labelled by @
and @ itself. Therefore, the elements are 262129 generated by level one only.
Some examples of the elements in this level:
The elements generated by w, and another single-parent child of level one makes 4 new labels
of @. w, with some of the two-parent children makes four other elements labeled by @. w, and
a three-parent child w, 5 they generate another label of @, w, generates with two elements, the
first is a single-parent child and the second is a two-parent child they make four new elements
labeled by @, these are among the 262131 elements.

Wy W, W L

Figure (5) The generic Kripke model R,

We have one element labelled by {p} totally covered by{w;g, w;5}. In addition, one element
labelled by {q} totally covered by {w,,, w,}.
So the total points generated by level-one are 262131.

COUNTING THE ELEMENTS OF BELLISSIMA’S... 180



A 3] - Gadld) alaal 6 S - Aa gidal) daalall dzalal) dlaall
22025 s Scientific Journal of Open University - Benghazi

3
3
3
=

Wain,ao Waeaa

Figure (6 ) The generic Kripke model R,

Now we describe the points generated by the elements from both level-zero and level
one.

At first, there are three points generated by w, and w, or w, or w, respectively. And
there are two points generated by w, and wg together with single points from level-zero, in this
case w, or ws Similarly there are another six points generated by w, and either wg or w;g or
w,, together with single points from level-zero. Also there are three points generated by w,
Ws , wgtogether with wyor w,, ws, w; g together with w, or w, , ws , w,, together with wy.
Finally there are four points generated by w, and two points

from level-one together with a single point from level-zero.

Figure (7) The generic Kripke model R,
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Uniformly, there are three points generated by ws and w, or w; or ws respectively.
And there are two points generated by wg and wg together with single points from level-zero,
in this case wy w; . Similarly, there are another four points generated by wg and either w,g or
w,, together with single points from level-zero.

Finally, there are four points generated by ws and two points from level-one together with a
single point from level-zero.

Figure (8) The generic Kripke model R,

Similarly, there are three points generated by wg and w, or w; or w, respectively.

Finally, there are three points generated by w, and two points from level-one together with
a single point from level-zero.
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Figure (9) The generic Kripke model R,

Now for the details for some special elements generated by w;g,wy,
As for w; g there is an element which is covered by w; and w; g labelled by {P}.

Similarly, there is an element, that is covered by w, and w,, labelled by {q}.

W 1y W -y

Figure (10) The generic Kripke model R,
Some elements are generated from two parents, one of the parents is from level-zero
and the other is a two-parent child from level one.

For example in figure (11 ) there are two points generated by w-, and w, or ws respectively.

COUNTING THE ELEMENTS OF BELLISSIMA’S... 183



D aaad) - Cuabuad) alaal) $ B - da gilal) daaladl dalad) dlaal)
22025 s Scientific Journal of Open University - Benghazi

Figure (11) The generic Kripke model R,
As a last example there are elements generated by a three-parent child from level one
and one element from level zero, we can see that in figure (12) where w5 and w5 generate a

label in level two.

W wy W ey

Wias

Figure (12) The generic Kripke model R,.

7. Bellissima’s construction for three generators
In the Kripke model R; on three generators p ,q and r there are eight possible labels and
so eight elements wy, wy, w,, ws, w, , we, W, wo in level zero labelled by @ {p}, {q}, {r},
{p.a}, {p.r}. {q.r}, {p.q.r} respectively.
In level one 28 — 2 elements are labelled by @ and 48 labelled by non-empty subset of {p, g, 7}.
In level one of R; there are fourteen elements labelled by {p}three of them are single-

parent children from w, or wg or w, , six of them are two-parented children, three are
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generated by w; and w, or wg or w-,two are generated by w, and ws or w, one is generated
by ws and w,, , four of the elements are three-parented children, two are generated by w; and
w, with we or w, , as well w; with we and w, or w, with ws and w.

Finally the last points generated by w; ,w,, ws and w,.

Figure (13) The generic Kripke model R

In this section we show the exact number of elements for level two of two generators for
Bellissima’s constructions and we did it in two ways.
8. Counting the elements manually

In (Elageili, & Truss, 2012) there was a remark that gave a formula that finds the

number of elements in level one.

al a-j al
Forall a < w, |leva_1| = Z?Zoj!(a—j)! [22 ], where o)

- Is the number of subsets of P, of
size j.

Therefor we knew that by using combinations we could find the number of elements
in level two.

The elements in level two that are generated by the elements of level one only,

are

18

z 18! 12
j(18 — !

j=0

=262131 elements
Where we exclude the fourteen labels of @ and we added the two labels of p and q that are

covered by {w,g, w;9} and {w,,, w,,} respictavily.
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Now for the elements that are generated by level one and zero.
We started by finding the number of elements that are not a child of the parents in level zero.

For w, itisaparent for w,, wg, wo, w;3, Wy4, Wys, Wy SO it can not generate with these
elements, therefor the number of elements that it can generate with is eleven elements.

And this gives us
11

11!
J.le! 1=
=2047 elements.
The element w; is a parent for wy, w,, Wi, Wi1, Wi3, W14, Wig, W17, Wig that means

that can generate with nine elements of level one, so this gives us

9

9!
ZJ'!(9—J')!

j=1
=511 elements.

Similarly, w, is a parent for wg, wg, Wig, W12, Wiz, Wya, Wi, W17, Wy SO it as well
can generate with nine elements, so we get the same number of sets of combinations as we got
from w; which is 511 elements.

For the element wsit is a parent for wg, Wo, Wiq, Wig, Wig, Wis, Wig,
W17, Wig, W19, Woq, Wo1. The total of children is twelve, which means that it can generate with

6 elements and that gives us
6

6!
Zj!(6—j)!

j=1
=63 elements.
Then the number of elements that are generated by two elements from level zero.
We start by the two elements wgyand wjthey only can generate with
Ws, Wg, W1o, Wig, Wyo, Wy, from this the number of elements that they generate together with

level one are
6

6!
Zj!(6—j)!

j=1

=63 elements.
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For the elements wyand w, they can generate with w,, wg, wy1, Wig, Wig, Wyg, SO We
get the same number of elements that we got from w, and w; and that is 63 elements.
Now for the elements wyand wsthey only can generate with three elements w,, ws,

w; o therefor the number of elements are given by

3

3!
Z1'!(3 — N}

j=1
=7 elements.
For the elements w;and w, together they can generate with wg, wg, wyg, w,, and

from these we get
4

41
Zj!(4—j)!

j=1
=15 elements.
For the two elements w,and w4 they can generate with we, wg, so all combinations

for them are
2

2!
Zj!(z Y

j=1
=3 elements.
And we get the same number of elements when w,and wsgenerate together with level
zero and that is due to that they only can generate with w,, w, and that is 3 elements.
Finally, we find the number of elements that are generated by three elements from level zero
and we start with wy, w; and w, together they only can generate with wg, wyq, w,;.
As for wy, w; and wstogether they only can generate with one element and it is ws.

At last for w,, w, and ws they can only generate with w,and these are given by

3 1
z 3! 1!
L j1 (3 —))! L j (1= j)!
j=1 j=1
=9 elements.

The total number of elements in level two including the two elements shown in figure
(10) are 265428 elements.
9.Counting the elements by programming using a Python code

The code used can be found in [13].
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The results when we run the code:
1) For one generator :
Enter number of generators: 1
Enter elements separated by comma ie. p,q : p
Number of levels? : 5
LEVEL 0: 2 labels
LEVEL 1: 2 labels
LEVEL 2: 2 labels
LEVEL 3: 2 labels
LEVEL 4: 2 labels
LEVEL 5: 2 labels
Total labels: 12
¢ {'p}]
¢’ '$]
¢’ '$]
¢, '$]
[d" "¢
[d"'d]
)} For two generators
Enter number of generators: 2
Enter elements separated by commai.e. p,q:p, q.
Number of levels? : 2
LEVEL 0: 4 labels
LEVEL 1: 18 labels
LEVEL 2: 265428 labels
Total labels: 265450

[’ {p} {'a} {q’ ]

[, 'd% ' {'a {'p) 'd "0, 'dL e 'L {'p') ' {1 'd ' ‘¢ ' "¢

K0 R P R P P K P R PR P A P P P PP G P
L B P P P I P PR P
RGP A P P P P P P P P P R G B A PG PR P
‘DL DL {1 LD P L DL ) L DL D P T P L {p) ¢
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Plus 225 pages of a word document file of labels.
Definition 9.1

A pre-low ladder L is an upwards closed subset of R,, which is isomorphic to R;.

Remark 9.1
The results that we get in level two shows that we have only two labels of ‘p’ and two labels
of ‘q” as you can see in lines six and seven of the execute.
These labels are in figures (9) and (12)
Therefore we get a pre-low ladder containing of only labels of ‘p’ and a pre-low ladder
containing of only labels of ‘q” which are isomorphic to R,

i) For three generators
Enter number of generators: 3
Enter elements separated by commai.e.p,q:p,q,r
Number of levels? : 1
LEVEL 0: 8 labels
LEVEL 1: 302 labels
Total labels: 310
[o% {'p' {a'L {'r'} {'p" "} ', 'L {'d) 'L {'p' g, T}
[ ¢' 0% 9% {P a0 {0 (1) @' Cah {0 ' {9, £} (1) ' '} [P
T {'d, T L P DL DL DL DL P DL DL L {p') L ') L L {Tp') e
£a) 0, e, (a9 Lad &L e, £ ' () ¢4 (T '9% 0P "9 {0, ¢’ (p')
£a) 09, ') 90 (T 90 0P {10, 090 ) ' () (1) 0 T 9L 19 ' ' ¢,
‘PP, DL DL DL DL DL DL DL DL DL DL DL DL DL DL DL P DL P P D P
[OPROIROPE S B ACRROIEE B ACPRCIEY Jf AU FR PRI PROPROIROPR R B A PR R B R
R A R XV A A A R S A B G A
‘DL DL DL DL DL DL DL DL DL DL DL DL DL DL DL DL DL DL P D P
‘DL LN DL DL DL DL DL DL DL DL DL DL DL DL DL DL P DL P L D P
'L PN DL DL P DL DL DL DL DL DL DL DL DL P L { ') DL P L
P19, P, P

iii) For four generators

Enter number of generators: 4
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Enter elements separated by commai.e.p,q:p,q,r, S

Number of levels? : 1

LEVEL 0: 16 labels

LEVEL 1: 66642 labels

Total labels: 66658

[, (P Cad (1, (5, €0 P O ') 0L P, €0, ) € s 0 € ',
[P 0% 0% '9% £a, (9], ' €0}, (P} 04 5} (P 9% a3, (1), ', £, ()
‘¢ {r} s 'L {'a'L {r'L {p} {d) 'L {{dL 'pL T, ph L {a) {sL {'p'h {d s
{d,'pL{'s’ P} ' {rL s {'p} ') 's3 {r, 'p'L {'s’, 'p'y '@, {a'} {r') {'sh {d, 'r'),
{'d, s {r, s} oL {'a} {'r'} {s) {p'} {'d, '} {'dL s {q 'p') {r, s {r, 'ph {Ts),
PL{q, T, s {d, ' p L {d, s, pL T, s, P L DL L P DL L P DL P D
‘DL PP DL DL DL L L {'p) L {p) L P L L L L {p ) e {p'h
‘¢, {'p} L 'L {'p} P DL L {'a P L L ' L {'a') L e {'a) e {'g'Y,
CAC R AR Y R R S A R R R G AN Y
A A R 5 P G P I A
{3 'L {p} "¢, {p} ¢ {'a'} ', {'a'L eS¢, {'a'L {'p') {d ') 'L {'a'} {p') {d)
PGNP 9L Lad 9L La% (P £ P 0L (P 0 {1, ' ' {1, ' {1,
(P00 P 9L P, ' (%, (P, {1 P 9L {1 9L {1 P {1 P 9% 9 (')
0% 0L (P B {0 (P, (5 P 9L £ (P {0 ') 9% (), ¢ s, {p),
(s, 'Ph 9 La% 9L {90 e ) £, T 90 Lad 9L (1) "¢ La) (1) L T,
00 0r) 00, ') 9 00,90 (a0, 9, (a7, {5, {0 s 94 £ '9% (a) )
{'d. s "o {a') {'sh {q), s 'L {r') 'L s ' {r'), s T, s ' {), s {r
S0 (0%, (%, 078, 0, (43, 0p, €4 P 9% (), (9, O 'p, ', L9 (1)
{'d’ '} e {a') {r') {p') {'a ') {1 ' { 'p'L a1 ') 9 s {'p') {s 'p')
'L {'q} {s} {'d. s 'L (gL (s {'p') {1 s {d 'p'n s 'p'h {1 ' ') ' {r),
{3 {7, 's) 'L {'r'} {'s') {'p} {r 's'L {0, 'p' UL 'p 3 ' s 'p') ' g ') (') {Us),
(q, T, (q, s L)) 00 T ') Y e

Plus 56 pages of a word document file of labels.
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