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Abstract:

We derive the leading asymptotic term for the Gamma function of matrices. The leading
asymptotic approximation to derivatives of any order of the scalar Gamma function is also

obtained.
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1. Introduction:

The purpose of this paper is to derive the following asymptotic results for the Gamma matrix
function I'(Q) with 8 is a large parameter. Scalar functions and matrix functions with a large

argument are common place in theory and applications. Details follow.

Proposition 1.1 Suppose

(i) the eigenvalues 1, ,k=1,2,...,rof Q € c™" satisfy Red, >0
(i) 6 € (0, )

Then, for Q fixed and as 8 — « we have for a certain constant invertible
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T that I'(6 Q) ~ T(wy,)T~!. This asymptotic relation ~ between matrices
holds in the following sense. The matrix (w,, ) is such that, when >y,

we have wy, =0, and whenx < y

6J aJ

ny: m F(Hlk) ( 1.1 )

211
02k

eOhl0g(OM)=02k [ nj g where 0 <j <my —1
I'(z) is the celebrated Euler Gamma function and I"'(Q) is the Matrix Gamma
function of the r x r matrix Q .

r'(p)= foooe_ttp_1 dt, tP"t = exp((P — 1) Int) (1.2)

Remark We adopt in equation (1.1) the convention of using the principal value of the complex

valued logarithmic function.

, 2 1 2
log(z) ==Inlz| +ia, -T<a<m, /9_;1 :=exp (ELog (9_:,()) (1.3)

Central to proving this result is the following lemma on the leading asymptotic term of all higher

order derivatives of the scalar Gamma function.
Lemmal2Lleth€D={|]e*0< || <A, —m+6<a<m—6},

where A, and 0 <4 <7 are certain constants. Then we have

1 1
F® () ~ e(A3)logA=MZnzm 7 os 404 oo, vEN. (1.4)

Given the myriad of applications of the scalar Gamma function and its derivatives in mathematics
and mathematical physics the above lemma 1.2 could be useful not only for the sake of proving
Proposition 1.1, but also in numerous other applications. We could not find this lemma explicitly
in the voluminous literature. It does not appear explicitly in any of the textbooks that are listed in

our references. Compare e.g. with Rainville E . F. [17],

Andrews G. et al [1], Olver F. W. J. [16] and Wong R. [24]. Proposition 1.1 is motivated by the

generalizations and extensions of scalar special functions to matrix special functions that took
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place in the past two decades. The Gamma matrix function, whose eigenvalues are all in the right

open half - plane is introduced and studied in Jodar L, Cortés J [12] for matrices in C™*.

Hermite matrix polynomials are introduced by Jédar L . et al [11] and some of their properties
are given in Defez E , Jodar L. [5]. Other classical orthogonal polynomials as Laguerre and
Chebyshev have been extended to orthogonal matrix polynomials, and some results have been
investigated in Jodar L, Sastre J. [14] and Defez E, Jodar L. [6]. Relations between the Beta,
Gamma and the Hypergeometric matrix function are given in J'odar L, Cortés J. G. [12]., Salah
[20] and Batahan R. S. [3]. These special functions of matrices have become an important tool in
both theory and applications see eg Salah [19,21,22]. A few examples follow. In (1998). Jodar

and Cortes [13] studied the Hypergeometric matrix series
F(AB;C,2) = 1+ 01 (An(B)n (O 5 (15)
with , B and C , r xr matrices with B C = C B. They proved among other things that:

@) F(A, B;C. z) satisfies the hypergeometric matrix equation

z(1—2)wP-z AwD + wO (C-z(B+1)-AwB=0, 0<|z]|<1 (1.6)

(b) with B =—n I where n is a natural number, the equation (1.6) reduces to

z1-2)wP—zAwD +wD (C—z(n—-1) )-nAw=0 (1.7)

that possesses a matrix polynomial solutions of degree n. The matrix Gamma function
occurs in the integral with matrix argument

F(AB;C,z)

=([(1—tz)" A= (1—¢)Bdt) I 2B~ (-B)r(c) (18)
With A = O we obtain the special case of

F(0,B;C,z)=([] tF~'(1—¢)°"5~1dt) I (B)r~*(-B)r() (19)

that is the beta function with matrix arguments. It is evident from equation (1.8) that a study of
the limiting behavior of F(A,B;C;z) as C = 0Q becomes large, requires the services of
proposition 1.1. Matrices of the form with 8 a large parameter occur frequently in theory and

applications and could require the asymptotic approximation of integrals with a matrix argument.
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The right hand of equation (1.8) reveals that the asymptoic approximation of the integrals
representing the Gamma function, play a special role in the theory of special functions of matrices.
Proposition 1.1 and Lemma 1.2 are also relevant to the study of a singular perturbation problem
of the equation (1.7) For example, consider C a large matrix C = 8Q such that 8 — oo. It is readily

recognized that if we set € := 671 then the differential equation (1.7) becomes
e(z1 — Hw® = zAwD) + WD Q+ e (WwW(z(n—1) 1) +nAw=0 (1.10)

Formally, for €=0 we obtain a “reduced” hypergeometric equation wél)Q = 0. See e.g. Wasow
[23] and Nayfeh [15] for singular perturbations problems. The order of presentation in this article
is as follows. In section 2 we provide a proof to Lemma 1.2 and proposition 1.1, and in section 3

we provide an example.

2 The Main Result

2.1 Proof of Lemma 1.2

It is well known, see e.g. Arfken George B, Weber Hans J. [2] and Gradshteyn 1.S. et at [8], that

1 1
r()= elA-2)tog A=+ Finzn [1+s] or T(A)=e9D [1+5] (2.1)
Where

1 1 1 1
gM)=(—3)logrh—r+= Ln2m and S=—+ ——+ A (2.2)

and where A is an analytic function in the sector D such that
~ ¥ —k
A ZK=3ak/1 asA — o, 1 €D

A result of Ritt [18] states the following. Let (1) be holomorphic in a sector D defined by the
inequalities 0 < Ay <JA|, a; <arg A< a, with a, > a being real numbers. let f (1)~

> ,a,A"asAd - oo ,A€D,then fM~ Z:ozo ra,A"""1 as 1 — oo , in every proper sub
sector D* : a; < a7 < argh < a; < a, where a; and a; are certain real numbers.

Consequently, we have
AV~ (a2 )M as 1 >0 ,AED (2.3)

By Leibniz formula
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ro) () = zv (Z) (e9@)P[1 4 5V (2.4)
L=0

Considering the L derivatives of e9® with respect to A we have ,

(9D )Pz 9D [ gD ()] L+LeIDIP (1) gD () + ... + eID g (1) (25)
Now let ¢t be the transposition operation. In the sequel we denote by It = (I3, L5, - - -, 1,)¢,
vi=(1,2, - - -, v, )" where n € N, the transposition of certain column vectors in R™*™and we

denote a(l, v) certain coefficients to be elaborated upon in the sequel. We also put L for the

inner product of [ and v such that
L=(Lv)y=L+05L2+ - -+1,v, with [;<L forall 1<i<n. (2.6)

A special case of the Faa di Brunos formula, see e.g. Johnson W. P. and Bell E. T. [10] and [4],

we have

(L)
(eg(l) ) = eg(/'L) [ g(l) (/D] L+ Zfinitesum d(l, V) eg(ﬂ) [ g(l) (/1)] h . [ .g(vn) (/1)] fn

@ !
= eI [ gD [1+ Lpinitesum alv) EmZ2 (gD @1] (27)

where the finite sum is taken subject to (2.6). Similarly, we calculate the v,,th derivatives of

g (1) with respect to A, we have, when v,=1. g (1) = Log A — % A1, and when v,, > 2
V) () = -(vp-1) ~Vn

gvvA)=a, A +b, A~'", where

_ (1)Vn(vy-1)!
- 2

a,, =(=D"(v,-2)!, b, are certain constants. Since
[g@ @]+ = (Log A —5 A7%) ~t+i = (Log 2) ~t+k[ 1+ O( A7 (Log 1) ) ].

Therefore equation (2.7) becomes e9® [ g ()] L [1 +s,] where s, =0 { AP } for some

p € R. Now we can write equation (2.4) as

Zv (1) e @HOW] s L5107
L=0

=) g ) () P gD s s O] (28)
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= (e9®) M1+ (A7) ] = (AR)roar =23z g 5 1=y [140(27)]

and the conclusion (1.4) follows 0.

Remark f(1) ~ h(1) does not automatically imply f @~ h() as 1 — o for v € N, unless we

have special conditions as given in lemma 1.2. For example
fO=[A+ 2 tsin(A) ]~ 1= g
However, fM (\)=1— 172 sin(A?) + 2cos(A? ) is not asymptotic anymore to
1=g®N)ash— o
2.2 Proof of Proposition 1.1
By the Jordan Canonical form, it is well known, see e.g. Higham [9], that for

any matrix Q € C™ there exists a constant invertible matrix T such that

Q=TJT'=Tdiag(J,. j,,, Je)T", SEN (29)
Where
Jk) = Al + Hy, , 1<k <S (2.10)

my+my + -+ mg =1, Ly Iisanidentity matrix of size m; x m, and

[0 1 0 - 0]

H 1 -

Hy, = “ w0 ‘ , of size my, x my,. (2.11)
: -1
0 -+ v v 0

Consider the matrix 6Q. By Jédar L. and Corté J. G., [12], I'(6Q) is well defined, therefore by
e.g. Higham [9] we have

reQ)=Tr(Q)T'=Tdiag(8],,0],, ,0jg)T (2.12)
Consider

r@Ji)=[" et t%k=l dt (2.13)
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Observe that

mg—1 )
- _ (6Hpy,, Int)/
t0ik—1 = (02 1)[]mk+ E m+]’
j=1

Thus the integral (2.13) becomes

mi—1 .
o _ _ (6Hpy,, Int)/’
r@))=[;" et tO@xD E o dt

j=0

The typical term of the integral (2.14) is

© _t a1 (8] . eid
fO e t7 "k I dt—]!d(elk)jf(e/lk).

By lemma 1.2 we have,

jqi _1 _ ,
]'d((agj - (62, ~ e(eak Z)Log(eak) Ol +in2m | j g
! k

Thus

eia 21

Taeayy T O ~ 57 eftuLog (O4)=0% In g,
: k k

3 An example

(2.14)

For an application of proposition 1.1 consider the matrix Q € C*** together with it is Jordan

canonical form J

0O 1 0 0 11 0 0
1o o 10| ,_fo11 0 o
Q=0 o o 11 /=lo o 1 1| obtainedwith T, T~ such that,
-1 4 -6 4 0 0 0 1
1 -1 1 -1 0 1 0 0
_11 O 0 0 110 1 1 0
=11 1 o o' T 7o 1 21
1 2 1 0 -1 3 =3 1
r@Q)=rr(ey)r*
— 6dr(0) 02d%r®) ,,» 03d3r(0) ,,3 _
=T(r@lI, + = H, + TE H? + WH JT 1
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By proposition 1.1 we getas 8 — «

0 1 0 0
O O 1 O 2T
Ftelo o o 1 )
-1 4 —6 4
[ Ln20 Ln39‘|
1 -1 1 -17;i1 Lné@ 21 3! 0 1 0 0
en(@-6|1 0 0 0[]0 1 m?0fl0 -1 1 0
€ 1 1 0 0 o =—llg 1 5 1
1210l00 1Ln0J—13—31
0 0 0 1
Conclusion

In summary, derive the asymptotic results for the Gamma matrix function with a large parameter
Is investigated in this study. The results show that Proposition 1.1 and Lemma 1.2 are also relevant
to the study of a reduced hypergeometric equation for singular perturbations problems. The results
demonstrated in this work provide a perspective on the importance of special functions of matrices

in mathematics and mathematical physics.
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